K-algebra. This is because the Hilbert function of the level ring (A, m) is the Hilbert funtion of gr m (A) which is not necessarily level. From now on we say that h is a graded level O-sequence if h is the Hilbert function of a level graded standard K-algebra. For instance it is well known that the h-vector of a Gorenstein graded K-algebra is symmetric, but this is no longer true for a Gorenstein local ring. Characterize level O-sequences is a wide open problem in commutative algebra. The problem is difficult and very few is known even in the graded case as evidenced by [GHMY07] . In the following table we give a summary of known results: Recall that the socle type of A = R/I is the sequence E = (0, e 1 , . . . , e s ), where
Characterization of
It is known that for all i ≥ 0, h i ≤ min{dim K R i , e i dim K R 0 + e i+1 dim K R 1 + · · · + e s dim K R s−i } (1.1) (see [Iar84] ). Hence a necessary condition for h to be a level O-sequence is that h s−1 ≤ h 1 h s being e s = h s and e i = 0 otherwise. In the following theorem we prove that this condition is also sufficient for h = (1, 3, h 2 , h 3 , h 4 ) to be a level O-sequence, provided h 4 ≥ 2. However, if h 4 = 1, we need an additional assumption for h to be a Gorenstein O-sequence. We remark that the result can not be extended to h 1 > 3 (see Example 3.7).
(a) Let h 4 = 1. Then h is a Gorenstein O-sequence if and only if h 3 ≤ 3 and h 2 ≤ (
Then h is a level O-sequence if and only if h 3 ≤ 3h 4 .
The proof of the above result is effective in the sense that in each case we construct a local level K-algebra with a given h-vector verifying the necessary conditions (see Theorem 3.6).
Combining Theorem 1(b) and results in [GHMY07] we show that there are level O-sequences which are not admissible in the graded case (see Section 3, Table 1 ). A similar behavior was observed in [Ste14] for socle degree 3. Theorem 1(a) is a consequence of the following more general result which holds for any embedding dimension: 2 ). The main tool of the paper is Macaulay's inverse system [Mac1916] which gives a one-to-one correspondence between ideals I ⊆ R such that R/I is an Artinian local ring and finitely generated R-submodules of a polynomial ring. In Section 2 we gather preliminary results needed for this purpose. We prove Theorems 1 and 2 in Section 3, and Theorem 3 in Section 4.
We have used Singular [Singular] , [Eli15] and CoCoA [CoCoA] for various computations and examples.
It is known that the injective hull of K as R-module is isomorphic to a divided power ring P = K[X 1 , . . . , X r ] which has a structure of R-module by means of the following action
where ∂ X i denotes the partial derivative with respect to X i . For the sake of simplicity from now on we will use x i instead of the capital letters X i . If { f 1 , . . . , f t } ⊆ P is a set of polynomials, we will denote by f 1 , . . . , f t R the R-submodule of P generated by f 1 , . . . , f t , i.e., the K-vector space generated by f 1 , . . . , f t and by the corresponding derivatives of all orders. We consider the exact pairing of K-vector spaces:
, :
For any ideal I ⊂ R we define the following R-submodule of P called Macaulay's inverse system:
Conversely, for every R-submodule M of P we define
which is an ideal of R. If M is generated by polynomials f := f 1 , . . . , f t , with f i ∈ P, then we will
By using Matlis duality one proves that there exists a one-to-one correspondence between ideals I ⊆ R such that R/I is an Artinian local ring and R-submodules M of P which are finitely gen- 
, the action , induces the following isomorphism of K-vector spaces:
(where (R/I) * denotes the dual with respect to the pairing , induced on R/I). Hence dim K R/I = dim K I ⊥ . As in the graded case, it is possible to compute the Hilbert function of A = R/I via the inverse system. We define the following K-vector space:
Then, by (2.2), it is known that
Q-decomposition.
It is well-known that the Hilbert function of an Artinian graded Gorenstein K-algebra is symmetric, which is not true in the local case. The problem comes from the fact that, in general, the associated algebra G := gr m (A) of a Gorenstein local algebra A is no longer Gorenstein. However, in [Iar94] Iarrobino proved that the Hilbert function of a Gorenstein local K-algebra A admits a "symmetric" decomposition. To be more precise, consider a filtration of G by a descending sequence of ideals: 
CHARACTERIZATION OF LEVEL O-SEQUENCES
In this section we characterize Gorenstein and level O-sequences of socle degree 4 and embedding dimension 3. First if h = (1, h 1 , . . . , h s ) is a Gorenstein O-sequence (in any embedding dimension), we give an upper bound on h s−2 in terms of h s−1 which improves the already known inequality given in (1.1). 
Then A f has the Hilbert function h. Now assume h 2 > h 1 . Denote h 3 := n and define monomials g i ∈ K[x 1 , . . . , x n ] as follows:
Thus A f has the Hilbert function (1, h 1 , h 2 , h 3 , 1).
Remark 3.3.
If h 3 = h 1 , then f in the proof of Theorem 3.1(b) is homogeneous and hence A f is a graded Gorenstein K-algebra.
If the socle degree is 4 and h 1 ≤ 12, then the converse holds in (a). In the following theorem we characterize the h-vector of local level algebras of socle degree 4 and embedding dimension 3. 
. For short, in this proof we use the following notation: m := h 2 and n := h 3 .
Case 1: h 4 = 2.
In this case n ≤ 6 as h 3 ≤ 3h 4 by assumption. Suppose m = 2. Then h is an O-sequence implies that n = 2. In this case, let f 1 = x 4 1 + x 2 3 and f 2 = x 4 2 . Then A f has the Hilbert function (1, 3, 2, 2, 2). Now assume that m ≥ 3. 
Case 2: h 4 = 3.
In this case n ≤ 9. We consider the following subcases: Subcase 2: 7 ≤ n ≤ 9. Let f ′ = f 1 , f 2 be polynomials defined as in Case 1 such that A f ′ has the Hilbert function (1, 3, m, 6, 2). We set p 1 = x 2 2 x 2 3 , p 2 = x 2 1 x 2 2 and p 3 = x 2 1 x 2 3 . Since h is an O-sequence and n ≥ 7, we get m ≥ 5. Now define f 3 = ∑ Since h is an O-sequence, n ≤ 10. We consider the following subcases: Subcase 1: n ≤ 9. Let f ′ = f 1 , f 2 , f 3 be polynomials defined as in Case 2 such that A f ′ has the Hilbert function (1, 3, m, n, 3) . Define f 4 = x 3 2 x 3 if {m ≥ n and n ≤ 6} OR {n ≥ 7 and m = 6} x 3 1 x 2 if {m < n ≤ 6} OR {(m, n) = (5, 7)}. Then A f has the Hilbert function (1, 3, m, n, 4) . Subcase 2: n = 10. As h is an O-sequence, we conclude that m = 6. Let f ′ = f 1 , f 2 , f 3 be polynomials defined as in Case 2 such that A f ′ has the Hilbert function (1, 3, 6, 9, 3). Define f 4 = x 2 1 x 2 x 3 . Then A f has the Hilbert function (1, 3, 6, 10, 4).
Since h is an O-sequence, n ≤ 10 and h 4 ≤ 15 Subcase 1: n ≥ h 4 OR h 4 ≥ 11. Let f ′ = f 1 , f 2 , f 3 , f 4 be defined as in Case 3 such that A f ′ has the Hilbert function (1, 3, m, n, 4). For 5 ≤ i ≤ 15, define f i as follows:
if {m ≥ n and n ≤ 6} OR {n ≥ 7 and m = 6}
if n ≥ 7 and m = 6 x 3 2 x 3 if {(m, n) = (5, 7)}. (Note that in the last case, h 4 ≥ 7 implies that n ≥ 7). If h 4 ≥ 8, then n ≥ 8 which implies that m = 6. We set
. Now A f has the Hilbert function (1, 3, m, n, h 4 ). Subcase 2: n < h 4 ≤ 10. The smallest ordered tuple (n, h 4 ) such that h is an O-sequence and n < h 4 is (4, 5). (Here smallest ordered tuple means smallest with respect to the order ≤ defined as: (n 1 , n 2 ) ≤ (m 1 , m 2 ) if and only if n 1 ≤ m 1 and n 2 ≤ m 2 ). Let
We define
2 . Then A f has the Hilbert function (1, 3, m, 4, 5) . Let h 4 ≥ 6. We set
if n = 8 x 3 1 x 3 if n = 9. Then A f has the Hilbert function (1, 3, m, n, h 4 ) . 1, 3, 2, 2, 2) (1, 3, 3, 2, 2) (1, 3, 4, 2, 2) (1, 3, 5, 2, 2) (1, 3, 6, 2, 2) (1, 3, 5, 3, 2)  (1, 3, 6, 3, 2) (1, 3, 3, 4, 2) (1, 3, 4, 3, 3) (1, 3, 5, 3, 3) (1, 3, 6, 3, 3) (1, 3, 3, 4, 3)  (1, 3, 6, 4, 3) (1, 3, 3, 4, 4) (1, 3, 5, 4, 4) (1, 3, 6, 4, 4) (1, 3, 3, 4, 5) (1, 3, 4, 4, 5)  (1, 3, 5, 4, 5) (1, 3, 6, 4, 5) (1, 3, 6, 5, 5) (1, 3, 5, 5, 6) (1, 3, 6, 5, 6) (1, 3, 6, 6, 7) (1, 3, 6, 7, 9) Analogously, by Theorem 3.6(a), the following O-sequences are Gorenstein sequences, but they are not graded Gorenstein sequences since they are not symmetric. If an O-sequence h is symmetric with h 1 = 3 then h is also a graded Gorenstein O-sequence by Remark 3.3. 3, 1, 1, 1) (1, 3, 2, 1, 1) (1, 3, 3, 1, 1) (1, 3, 2, 2, 1) (1, 3, 3, 2, 1) (1, 3, 4, 2, 1) The following example shows that Theorem 3.6(b) can not be extended to h 1 ≥ 4 because the necessary condition h 3 ≤ h 1 h s is not longer sufficient for characterizing level O-sequences of socle degree 4. A minimal graded P-free resolution of P/L is:
By [RS10, Theorem 4.1] the Betti numbers of A can be obtained from the Betti numbers of P/L by a sequence of negative and zero consecutive cancellations. This implies that β 4 (A) ≥ 3 and hence A has type at least 3, which leads to a contradiction.
CANONICALLY GRADED ALGEBRAS WITH
It is clear that a necessary condition for a Gorenstein local K-algebra A being canonically graded is that the Hilbert function of A must be symmetric. Hence we investigate whether a Gorenstein Kalgebra A with the Hilbert function (1, h 1 , h 2 , h 1 , 1) 2 ), then there exists a polynomial G of degree 4 such that A G has the Hilbert function h and it is not canonically graded. We may assume h 3 = h 1 , otherwise the result is clear. For simplicity in the notation we put h 1 := n and h 2 := m.
First we prove the assertion for n ≤ 3. We define 
Comparing the coefficients of the monomials of degree ≤ 2 in ϕ(x n ) 2 • G = 0, it is easy to verify that u 1 = · · · = u n = 0. This implies that ϕ(x n ) has no linear terms and thus ϕ is not an automorphisms, a contradiction. Suppose n > 3. First we define a homogeneous polynomial F ∈ P of degree 4 such that A F has the Hilbert function h and x 2 n does not divide any monomial in F (in other words, if x i is a monomial that occurs in F with nonzero coefficient, then i n ≤ 1).
Let T be a monomials basis of P 2 . We split the set T \ {x 2 n } into a disjoint union of monomials as follows. We set
Denote by | · | the cardinality, then |C| = ( n+1 2 ) − 2n − (n − 4) − 1 and |D| = n − 4. Hence we write
Hence A F has the Hilbert function h.
Let G = F + x 3 n . We prove that A G is not canonically graded. Suppose that A G is canonically graded. Then, as before,
We claim that u 1 = · · · = u n−1 = 0. Case 1: m = n. Comparing the coefficients of x 2 1 , x 2 x n , x 2 3 , . . . ,
This proves the claim. Now, comparing the coefficients of x n in ϕ(x n ) 2 • G = 0, we get u n = 0 (since F does not contain a monomial divisible by x 2 n ). This implies that ϕ(x n ) has no linear terms and hence ϕ is not an automorphism, a contradiction.
We expect that the Theorem 4.1 holds true without the assumption h 2 ≥ h 1 . The problem is that, as far as we know, the admissible Gorenstein not unimodal h-vectors are not classified even if s = 4. However, starting from an example by Stanley, we are able to construct a not canonically graded Gorenstein K-algebra with (not unimodal) h-vector (1, 13, 12, 13, 1). a i x i .
Comparing the coefficients of x 1 x, x 7 y, x 10 z in ϕ(x 1 ) 2 • G = 0, we get u 11 = u 12 = u 13 = 0. Now, comparing the coefficients of x 1 , . . . , x 10 in ϕ(x 1 ) 2 • G = 0, we get u 1 = · · · = u 10 = 0. This implies that ϕ(x 1 ) has no linear terms and thus ϕ is not an automorphism, a contradiction.
